Definition 1. a is a quadratic residue modulo p if:
has a solution with x ∈ Z. If the congruence has no solution, then a is a quadratic nonresidue modulo p.
For example, let p = 5: x x 2 x 2 (mod p) 1 1 1 2 4 4 3 9 4 4 16 1
As shown, 1 and 4 are quadratic residues modulo 5, and 2 and 3 are quadratic nonresidues modulo 5. In addition, a 2 is always a quadratic residue modulo p. For instance, 1 2 ≡ 1 (mod 5) and 4 2 ≡ 1 (mod 5). Furthermore, it's interesting to note that a nonresidue modulo p multiplied by another nonresidue modulo p yields a residue modulo p.
Legendre Symbol
Definition 2. If p is an odd prime:
Properties of the Legendre Symbol include:
e.g. quadratic residue 4 modulo 5: 4 Proof of the first listed property. Reminder: Fermat's Little Theorem states that for a prime number, p, a p ≡ a (mod p), which equivalent to a p−1 ≡ 1 (mod p).
Suppose a is a quadratic residue modulo p, then a p = 1 and x 2 ≡ a (mod p) has some solution, call it x. It follows that a p−1 2
Reminder: Wilson's Theorem states that (p − 1)! ≡ −1 (mod p)
Now, suppose that a is a quadratic nonresidue modulo p, then a p = −1 and x 2 ≡ a (mod p) has no solution. We can take every j such that 1 ≤ j < p and choose a j satisfying 1 ≤ j < p such that jj ≡ a (mod p). Because j = j , otherwise a would be a quadratic residue modulo p, there are p−1 2 jj pairs from 1, 2, ..., p − 1 that satisfy jj ≡ a (mod p). Thus, (p − 1)! ≡ a * a * ... * a ≡ a p−1 1 (mod p), which by Wilson's Theorem yields a
Alternatively, we could prove the statement about quadratic residues without using Fermat's Little Theorem. If a is a quadratic residue modulo p, x 2 ≡ a (mod p) has a solution, call it x. Now, suppose that y is also a solution to the congruency. Then:
Therefore, take x and −x to be solutions. 
